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Abstract 

In this paper we study the superstring version of the exactly solvable string model 
constructed by Russo and Tseytlin. This model represents superstring theory in a 
curved spacetime and can be seen as a generalization of the Melvin background. We 
investigate D-branes in this model as probes of the background geometry by con- 
structing the boundary states. We find that spacetime singularities in the model 
become smooth at high energy from the viewpoint of open string. We show that 
there always exist bulk (movable) D-branes by the effect of electric flux. The model 
also includes Nappi-Witten model as the Penrose limit and supersymmetry is en- 
hanced in the limit. We examine this phenomenon in the open string spectrum. 
We also find the similar enhancement of supersymmetry can be occurred in several 
coset models. 
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1 Introduction 



Recently, many aspects of string theory have been uncovered. If we take the perturba- 
tive analysis of conformal field theory as an example, however, most of the discussions are 
restricted to the curved space not the curved spacetime. Thus we cannot completely an- 
swer how to do with the intriguing phenomena peculiar to curved spacetime such as black 
holes and spacetime singularities in the framework of string theory. It may seem natural 
to expect some stringy resolution of singularities as in orbifold theories. Motivated by 
this we would like to study the superstring version of the bosonic model |l| constructed^ 
by Russo and Tseytlin. 

The best advantage of this model is that it is exactly solvable. Thus we can compute 
the closed string spectrum completely. Furthermore, this background has spacetime sin- 
gularities in some parameter regions and thus will be suitable for the study of stringy 
analysis of spacetime singularities. As particular limits, this model includes the Melvin 
background |^. The background is generally non-supersymmetric and includes closed 
string tachyons. One type of tachyons is the localized tachyon discussed recently in 



10| , p!l| , p!^ , p!3| . There is also another type of the tachyon which appears when the 



spacetime has singularities. 

The main purpose of this paper is to investigate the geometry of the background by 
using D-brane probes. Especially, we construct explicit boundary states in this spacetime. 
As a result we will show that the geometry becomes non-singular at high energy from the 
viewpoint of open string even if there are apparent spacetime singularities. Our analysis 
is parallel with the previous studies on D-branes in the Melvin background ( P^ , |T^, [T^). 
However, we will find several crucial differences from the results in the Melvin model. 
For example, we can always put DO-branes anywhere in this curved spacetime. Thus we 
can probe the geometry smoothly, while in the Melvin model we can construct DO-branes 



only at the origin for irrational values of parameters |15, 16 



This model also includes Nappi-Witten model [|T^] as its Penrose limit (pp-wave limit) 
(for recent discussions on the duality between string on pp-waves and gauge theory 



see |T9| and also |2g, gl], |2|, ||, |2|, |6|, 13, ||]). Only in this background there 
are unbroken supersymmetries and thus the supersymmetry is enhanced by taking the 
Penrose limit of this model. Later we will analyze the similar enhancement does occur in 
several coset models. We will also discuss D-branes in Nappi-Witten model by employing 
our general results. 



■^For recent discussions on conformal field theoretic approach to time dependent background see e.g.^, 
liil- 
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This paper is organized as follows. In section 2, we review the model |^ and show 
the detailed analysis of its supersymmetrization. In section 3, we construct the boundary 
states of D-branes in this model and compute the open string spectra. In section 4, we 
consider the enhancement of supersjnumetry in the Penrose limit of our model as well as 
the coset models and from the viewpoint of both closed string and open string. 



2 Exactly Solvable Superstring Model of 
Curved Spacetime 

Here we consider the supersymmetrization of the solvable model [Q. This solvable 
background describes the curved spacetime with four parameters R,q^,a,j3. In particular, 
it includes Nappi-Witten background and the Melvin background as specific limits. 
The explicit form of metric G^^, NSNS B- field i?^,^ and dilaton of this background is 
given by 

ds"^ = -dt^ + dy'^ + dp^ 

{dip + + (3)dy — (g_ + (3)dt) {dip + (g+ — a)dy — (g_ + a)dt) , 



1 + a/?p2 

a + (3 p^ a — f3 p^ 




^"'^ 2 l + «/?p2' 

where we introduced the parameters a,(3,q+ and g_. We can change the value of g„ by 
shifting the field ip such that p p + Xt and thus g_ is an auxiliary parameter. We also 
assume that the coordinate y is compactified and its radius is denoted by R. After the 
Kaluza-Klein compactification we can obtain a series of curved Lorentzian backgrounds 
with electro- magnetic flux as discussed in 

If we assume the specific parameter region af] < 0, then the background becomes 
singular^ at po = 1/ \/—af3. However, we have the free field representation even in such a 
case as we will see and thus we include these singular cases in our analysis. Later we will 
discuss how these spacetime singularities affect closed string and open string. 



^ Obviously, the string coupling e"^ shows the singular behavior. Furthermore, it is also easy to check 
that the curvature tensors of the metric and B-field diverge at the same points. If we take the T-duality, 
we have also the singularity at 1 + q+{q+ + (3 ~ a)p'^ — 0. 
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2.1 World-sheet Sigma Model and Its Free Field Representation 

The most important advantage of this model is that we can solve the model exactly 
by using the free field representation. This is explicitly shown in the bosonic theory [|l|. 
Its extension to supersymmetric theory can be done in a rather straightforward way as 
we show below (this procedure is parallel with the Melvin model 0, |T5| and the uniform 
magnetic field model |3l|). 



The background ( |2.1|) is described by the following sigma-model 

Si = — f da^[-dtdt + dydy + dpdp 
na' J 

+ , 2 (^^ + (^+ + f^)9y - + /^)^^) i^v + (^+ - «)^^ - + 

1 + app'^ ^ ' 

+ ^i?(2)(0o-^ln(l + a/3p2))], (2.2) 

where BP"^ is the Ricci scalar of the world sheet. Here we omitted the fermion terms 
because they can be simply obtained by using the superspace formalism as in |T^. The 
last term of (|2.2|) represents the dilaton coupling and below we will not write this explicitly. 

We would like to show how to solve this model exactly by examining it in a covariant 
way without using the light-cone gauge. First we perform T-duality with respect to 
(see also [|T], |T5|) and obtain 

S2 = / da'^ {du + ad{p){dv + I3dip) + dpdp H — T^dipdip + 2q+{dydp — dpdy) 

Tia' J L p^ 

-2q^{dtdp - dpdt)], (2.3) 

where we have defined u = y — t and v = y + t. After we replace^ u, v with U, V as follows 

U = u + ap{=Y~T) , V = v + (3p {=Y + T), (2.4) 

we can take the second T-duality on (p, 

= — f da^ IdUdV + dpdp + p\d<p' + q+dY - q_dT){d^' + q+dY - q_dT) . 

(2.5) 

If we shift the angular coordinate such that <f" = (p' + q^Y — q-T, then we obtain the 
free field action 

83 = — [ da^ldUdV + dXdX]. (2.6) 
na' J 



^ Here we would like to notice that the time direction T of the free fields includes the winding number 
of (f. This produces an important stringy correction. 
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where we defined X = pe*"^ and X = pe . Then we can see that the fields U, V, X and 



X are all free fields. In this way we can reduce the original action (|2.2| ) to the free field 
one and thus we can solve the model exactly. 

Next let us examine the mass spectrum. We define the angular momentum 

Jl = ^ i dz jiiz), Jr = --^ / dz jniz), (2.7) 



27ri / 2TTi 
where Jl^r is defined as follows 

d(f = -p'^dif" + iipii'L = ia'ji, 

= p'd^" - lijRi^R = -la'jR, (2.8) 

where we restored the contributions of fermions. Then we obtain the shifted periodicity 
of (p 

(^(r, a + 27r) = ^(r, (x) - 27ra' J. (2.9) 

By using the above and the canonical quantization of momenta in the original action 
(|2.2|) , the momenta of free fields Y and T are given by 

P.^ + P#-2(^-(,, + ^)j), P^-Py^-^(^-^-^)^ 

P# + P^ = -2 |^E + (g_ + ^^^)J^ , P^-P^ = {a-(3)J, (2.10) 

where n/R,w and E represent the Kaluza-Klein momentum, winding number in the y 
direction and the energy. 

The free fields X,X and iPl,r,4'l,r obey the following twisted boundary conditions 

X(r,a + 27r) = e2"*^X(r,a), 

V'L(r, a + 27r) = e2-'^V'L(r, a), ^-iilr, a + 27r) = e2"^^fi(r, a), (2.11) 
where 7 is defined by 

3 — a , ( ^ , a + (3 . ^ 
V-^d \E + (g. + -^V^ ■ (2.12) 

Now we can compute the spectrum of the string model. The spectrum is given by 
He = 0, where He is the closed string Hamiltonian 

i=i 2 « 



with the level matching condition 

NR-NL-nw+[^]J = 0, (2.14) 

where we define 7 = [7] +7; [7] denotes the integer part of 7. Even though this expression 
is the same as in [Q], we took the fermions into account (see ( |2.7] )) here. Note that if 7 = 0, 
we must add the contribution of zero modes of X to He- 

2.2 Partition Function 

It is useful to compute the one-loop partition function of this string model. The 
amplitude can be most easily computed by the path-integral method in the light-cone 
gauge as was done in the Melvin model (see also [j^ [10[)- We show the result in Green- 
Schwarz formulation as follows (for the bosonic model see 

^{ACC - 2CR{w' - wt) + 2CR{w' - wf))] , (2.15) 



X exp 



a'T2 

where V7 denotes the infinite volume of and we have defined 

X = 2PC + q+R{w' -Tw), x = '2c^C + q+R{w' -fw). (2.16) 



It is easy to see that the previous spectrum ( p.l3|) in the operator formulation is repro- 



duced by employing the Poisson resummation. If one uses the Jacobi identity 

03m%ix\r) - 9Mr)%{x\r) - eMrf^^^ixV) = 2^l(||r)^ (2.17) 

then this explicitly represents the path-integral in the NS-R formulation with correct type 
II GSO-projection. 

Next we would like to mention the T-duality symmetry. The result is the same as in 
the bosonic model |]l|. Thus we obtain the following results. 

Z{R, a, P, g+) = Z{a' /R, P — a + q+, a) = Z{a'/R, a — P — g+, —q+, — /?)• (2.18) 

In other words, the model is invariant under the exchange of parameters 

a + P . 2q+ + p-a 
R^a/R, — - — ^q = , (p — a = fixed). (2.19) 
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We can also see that the superstring theory in the Melvin background is included as a 
particular case (3 = a, g_ = — /3, g+ = q. In particular this shows that this background 
includes the two dimensional oribfolds C/Ztv in type II and type string theory . 

For generic values of parameters as we can see from ( |2.15| ), the partition function does 
not vanish. This means that this model is non-supersymmetric in general. 



2.3 Penrose Limit and Nappi-Witten Model 



We can also see that the sigma model (|2.2| ) is equivalent to the (compactified) Nappi- 
Witten model [|1^] (see also ^ and references their in) 



S = — [ da^ldudv + Pp^dud^ + p^d^dcp], 
na' J 



[2.20) 



if we set a = g± = (or /? = g± = 0) as shown in [|T| . The spectrum of this model is given 
by (see also p3| ) 



-E^ + a'(3EjR = —y + + (3wRJr - a'P-jR + Nl + Nr, 



[2.21] 



where we assumed < 7 < 1. Note that this spectrum is invariant under the simple 
T-duality transformation R a' / R. We can also compute its partition function^ as a 
limit of (|2l5| ) 



ZiR,/3) = ia')-^VrV -^Y: ^ 



LK_^.|2 ei{(3R{w' -tw)/2\t)' e,{ 



{w' - Tw) T]{Tfr]{fy^ ei{(3R{w' - ™)|r) 



(2.22) 



where V denotes a divergent factor coming from the extra zero-modes along X,X di- 
rection. Note that this partition function does vanishj] because 6*1 (0|r) = and this is 
consistent with the fact that Nappi-Witten background preserves partial supersymmetries 



32| , |33| . We can also see that this is the only case of vanishing partition function. Note 
that this special background satisfies the condition By^ = Bt,„. It would also be use- 



ful to see that the partition function (|2.22| ) shows that the background can be regarded 
as an orbifold with respect to only left-moving sectors if we assume the fractional case 
= ^ e Q. 



^We are grateful to Y.Sugawara for pointing our the mistakes in this equation of the previous version. 

^If we take the non-compact hmit R = 00 (or equaUy i? = by T-duaUty) , then the partition function 
is equivalent to that in flat space p2| . However this does not imply the equivalence between both models 
since the interactions are obviously different. Later we will find the open string spectrum in the Nappi- 
Witten model which differs from that in flat space. 
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These facts can be understood by taking the Penrose hmit |T^, 



g of 



) 



u = u, ri^v = V, Vtp = p and $7 ^ 0, (2.23) 

which leads to the following (rescaled) metric 

[ds'f = Q-'^{dsf = dudv + dp^ + p^{d^ + (gi + f5)du){df + qidu), (2.24) 

where we defined q± = qi ± q2- Thus we come back to the specific model a = q2 = 0. 
Since the Penrose limit decompactifies the circle in the y direction, we can set gi = 
by the redefinition of coordinates and we finally obtain the Nappi-Witten model. Notice 
that after we take the Penrose limit of the non-supersymmetric model, we eventually find 
the super symmetric background. Later we will also give some other examples of similar 
supersymmetry enhancement in the Penrose limit. 



2.4 Closed String Tachyons and Spacetime Singularity 

In general the background ( |2.1| ) is non-supersymmetric as can be seen from the fact that 
the partition function of this background does not vanish. Thus it is very interesting to 
discuss the instability of the model. In the bosonic string model some relevant discussions 
were given in 0] . Here we would like to consider the tachyonic instability in the superstring 
model. We identify a tachyonic mode with an excitation which has a non-zero imaginary 
part0 of energy E in the spectrum (|2.13|) . 

In this model tachyons arises due to two reasons. The first reason is the presence 
of the term which is proportional to 7. The effect of this is the existence of localized 
tachyons^ [|], ^ [TT|, [T^, |TB[ and they have already appeared in the Melvin background 
a = (3 (for discussions of closed string tachyon condensation in Melvin background see 



e.g.fS^, |38|, |T0|, [TT], |T2|, |T3|). This type of tachyonic modes has non-zero values of n 
or w. 

The second reason is that there is the term which is proportional to — in the 
spectrum ( p.l3|) . This leads to tachyons even if we set n = w = 0. Let us assume 
g = + = for simplicity and consider gravitons {N^ = Nji = 0) which has the spin 
Jl = Jr = ±1/2. Then we can see that the mode is tachyonic if and only if a(3 < 0. As 
in the bosonic case [|^ we can speculate that this instability occurs due to the spacetime 

® Since in this case ImE ^ the value of 7 also becomes imaginary, the twisted boundary condition 
(2.11) may be related to the Lorentzian orbifold discussed in |3^, |3| ^ ^. 

^For rational values of parameters ||l^ the existence of bulk tachyons (as in type theory) is also 
possible. 



7 



singularity of the background ( |2.1| ) at the fixed po such that 1 + Q;/5po = 0- Notice that 
this tachyon field is not localized one since the corresponding off-shell (tachyonic) vertex 
operator has the vanishing value of E + (q_ + ^^)J. We can also show that such tachyons 
do not exist in the RR-fields. 

One of the most interesting questions is what background this unstable model will 
decay into. If we remember the arguments that the Melvin background will become the 
ordinary type II string theory |T^ after the closed string tachyon condensation, then 
it seems to be natural to identify the decay product of the general non-supersymmetric 
background ajS > with the Nappi-Witten background. In the case of ajS < (singular 
spacetime) we cannot even speculate the answer because we must consider the conden- 
sation of the 'new type' (not localized) tachyons. We would like to leave these as future 
problems. Instead we will later discuss whether we can probe this spacetime singularity 
by using D-branes. 



2.5 Higher Dimensional Generalizations 

It is also possible to construct higher dimensional models. For example, we can 
generalize the action in the Green-Schwarz formalism as in the case of Melvin background 
rO| , |TT| such that there are n >2 angular coordinates ipi (z = 1, ■ ■ ■, n) by introducing 3n 



parameters ai, Pi and g+j. Then the partition function (n = 4 case) is given by replacing 
the theta-function part of (|2.15| ) with 



E 



(EL2(-i)"-^^nti^a(x.l 








nti^i(x, 




nti^i(x. 


r) 



(2.25) 



We can see that there exist supersymmetric models which have the vanishing vacuum 



amplitude (e.g. J2i{^Xi) = 0) in the same way as in |T0, ITT 



3 Boundary States in Curved Spacetime 

Here we consider D-branes in the solvable model ( p. 21) by using the boundary state 
formalism. This will give the generalization of the arguments on D-branes in two parame- 
ter Melvin background [|T5| {a = P). See also |]T4[ for an independent analysis of D-branes 
in the one parameter (Kaluza-Klein Melvin) model. 

Here we consider the general case a ^ (3 and a D-brane in this model can be regarded 
as a probe in the curved spacetime. Finally we will find the following two novel facts. 
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To begin with, there is the term — a' J"^ in the closed string Hamiltonian ( |2.13|) 
and this changes the open string Hamiltonian. In the case of DO-branes in the free field 
representation, for instance, we will see that this effect leads to the term proportional to 
g-^2|- 7r(a-/3) ^/^j ^j^^ open String Hamiltonian. Though we can interpret this in terms of 
the curved metric in the low energy limit, this includes a stringy correction in the high 
energy region. We will see that this stringy correction makes the open string spectrum 
smooth and thus we cannot see the spacetime singularity in the high energy region. 

The second result is that we can always move DO-branes by performing the Lorentz 
boost in the direction Y away from the origin when a ^ (3. This contrasts strikingly with 
the Melvin model {a = (3). The latter does not allow movable DO-branes (bulk DO-branes) 
if the value of j3a' /R is irrational |T^. This means that there exist the bulk D-branes for 
any parameters ii a ^ (3. In the original coordinate picture, this boost corresponds to 
adding the electric flux. And then this flux stabilizes the bulk D-branes. 



3.1 Boundary Conditions 



Let us find the consistent boundary conditions. If we consider them in the free field 
representation (T, F, X, X), Neumann and Dirichlet boundary condition are obviously 
allowed (later we will discuss D-branes in the original coordinates to investigate their 
geometrical properties.) 

The boundary conditions in the T and Y direction are given by 



T : 



Y : 



Neumann : drT\r=Q\B) 
Dirichlet : d„T\r=Q\B) 








2E + {2q^ + a + l3)j\\B) 
{(3-a)J\B) = 0, 



0, 



Neumann : 



Dirichlet : 



drY\r=o\B) 

d.Y\,=o\B) 








2n 

— -i2q+ + /3-a)j\\B)=0, 

-'^ + {a + P)j]\B) = 0, 
a' J 



(3.26) 



(3.27) 



where the coordinates {a, r) represent the world-sheet of the closed string channel. In 
the most part of this paper, we consider D-branes which satisfy the Dirichlet-Dirichlet 
boundary condition in the (X, X) directions since they can be used as probes of the back- 
ground. The D-branes of Neumann-Neumann boundary conditions can also be examined 
similarly]^ In these cases, we can verify 



J\B) = Jo\B), 



(3.28) 



^"^Though Neumann-Dirichlct boundary condition can also be allowed, we will not discuss this case in 
the present paper. 
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where \B) is the boundary state and Jo is the bosonic zero mode contribution to the 
angular momentum J. 

Since we are interested in D-branes which are not locahzed in the time hke direction, 
below we mainly assume that the field T satisfies Neumann boundary condition. In the 
last of this section we will briefiy mention D-brane instantons. Thus we would like to 
show the detailed analysis of DO-branes and Dl-branes whose boundary conditions are 
(T,F,X) = iN,D,D) and (T,y,X) = {N,N,D), where 'W means Neumann and "D" 
Dirichlet. The D2-branes {T,Y,X) = {N,D,N) and D3-branes {T,Y,X) = {N,N,N) 
can be treated almost in the same way as DO and Dl-branes. 



3.2 Bulk D-branes 

Now we consider the boundary conformal field theory of bulk DO and Dl-branes in 
the free field representation of boundary states. The term 'bulk' means that the brane 
can leave from the origin p = and thus it can probe the geometry of the spacetime. 
There are also D-branes which are fixed at the origin. We call the latter 'fractional' as 
in the orbifold theory ||3^, Generally, a bulk D-brane is consist of finite numbers of 



fractional D-branes. We show the detailed analysis only for bulk DO-branes since bulk Dl- 
branes can be obtained by taking the T-duality ( |2.19| ) in the Y direction. The fractional 
D-branes are also discussed in the appendix 0. 

Bulk DO-brane 

The boundary conditions (T, Y) = {N, D) require that the zero modes should satisfy 

E+(g_ + ^)j = , Rw-^^±^a'J = 0. (3.29) 

By using these conditions, we can write the closed string Hamiltonian (see ( p.l3|) ) which 

acts on \B) as 



2H,= ^{/f+^^[n-{q^+(^)R^'-^-^^a'J'^^^^ (3.30) 
where 7 is 

^ = -(a + /5)-. (3.31) 

Notice that 7 depends only on n, not on Jq- 

When ^^^^g^ is rational {= e Q)0, there are bulk DO-branes as in the case of the 
Melvin background^. We can find that a bulk DO-brane at p = consists of N fractional 

^^We assume that k and N are coprime. 

^^As we can see from eq.(3.31), we have only to change /3 to 
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DO-branes whose positions in the Y direction are given by yo,yo + ■ ■ ■ (see appendix 

E)- 

Then let us move the bulk DO-brane from p = 0. In the case of p 7^ 0, the states of 
Jo 7^ are allowed. First, from eq.( |3.29| ) we obtain the constraint 



Jo e NZ, (3.32) 
and thus we find that the bulk DO-brane at p 7^ should consist of fractional DO-branes 

27vi 

located at points X = p, pe~ , ■ ■ -, in the X direction such that the bulk DO-brane 
is invariant under the action X e^X. We can also understand]^ his fact from the 
explicit form of the boundary state (appendix 0). 

Now let us see whether the bulk DO-brane can exist at p 7^ in this case. In order to 



check this we must examine the Cardy's condition |^2|]. The vacuum amplitude (assuming 
/c=even for simplicity) 



A = J ds{B\^e-^'^-\B), (3.33) 
is given by 

Atuik = ^ (^) V ds{2na's)-'r]{r)-''[9s{0\ry-9,{0\Ty-9Mry] ^o(r), (3.34) 

where Vq denotes the volume in the time direction and we defined Tg = y/n{2TT^/a'Y. We 
have also written the zero-mode part of the amplitude as Zq{t), t = ^ and it is given by 

Zo = (i?o|e-^["'^^'/^-^"'^o+^('^-''«^°)'l|i?o), (3.35) 

where we defined q = q+ + (see ( p.l9| )) and k is the momentum in the X direction. 
Notice that we can find that the above vacuum amplitude ( |3.34]) does vanish and Bose- 
Fermi degeneracy occurs. Below we first assume a + (3 = {k = 0, N = 1) and later 
consider general cases. Then we can write the zero-mode part of the boundary state as 

1^0) = E / (dk? e^'-'\k) ® |n), (3.36) 

where x = {p cos (p, p sin (p) is the position of the DO-brane in the X direction and the 
y-momentum eigenstate \n) is normalized as {n\n') = 6nn'- Next we perform the modular 
transformation (s = vr/t) of this amplitude. After the the Poisson resummation of n and 
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The world-volume theory of such bulk D-branes seems to be described by a sort of quiver gauge 



theory with monodromy discussed in |41, We thank Y.Sugawara for pointing out this to us. 
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the Gauss integration of the open string energy E, we obtain 

-2TTtS^}^+iTT{{a-t3)a'E+2qRw)Jo^-^>'^ 



E 

w 

E 



I2RH h-na' 



V a' 
2Rt 



(dE) {Bq\ e 



\ 2 ^ J ITiN „ ^2 _ _27ri ^^-^ „ifc Ax 

> a' e 



{dk)\dE)e- 



(3.37) 



where we defined \B'^ as the zero mode part in the X direction. Note that we have 
employed the fact that the operator e^^^° acts as the rotation ki + ik2 — > e^^{ki + ik2) (or 
equally xi + 1x2 — > e*^(xi + 1x2)). The length of Ax is given by 

V(a-/5) 



2p sin 



-a E + nqRw 



Then after we integrate out k, the amplitude becomes 

^o = E^:^/di^e--^° 
^ na' ZTC J 

where Ho is given by 

Ho = -a'E' + 



■'^2 ' — + -^sin2 



^ —a'E + 7rgi?w 



(3.38) 



(3.39) 



(3.40) 



In order to generalize this result for = k/N, we have only to change eq.( p.39| ) 

and ( p.40| ) about a few points (see appendix for detail). Finally, we obtain the open 
string 1-loop amplitude 

^bulk — 2 X / —Tlj^s-R 7: < 

Jo Zt ^ I 

where the open string Hamiltonian Ho is written as 



-2-KtUo 



(3.41) 



Ho = -a'E^ + 



sm 



[a — d) irm-i 
^-^na'E + nqR- + ^]+N. 



The trace Ttns-r = Tr^fg — Tyr means 

Vr 



N-l 00 



(3.42) 



(3.43) 



m=Q w=—oo 

We can easily see from eq. ( |3.41| ) and ( ^.43| ) that the result satisfies the Cardy's condition]^. 



^"^If we consider the limit p ^ 0, 



NVo 



W2 



W——00 



The above calculations are consistent with the results at p = (A.IC) and (A. 11) analyzed in the different 
way. 
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Bulk Dl-brane 



By using T-duality ( |2.19| ) in the Y direction, we can obtain the resuh of bulk Dl-brane. 
The open string Hamiltonian is given by 



a „„ H — — sm 



where we defined (g+ + ^^^)R = 4. 



{a -(3) , {a + (3) ,n irm 
^ + iV + AT 



+ N, (3.44) 



3.3 D-branes as Probes 

Here we will further study a bulk Dp-brane {p=0,l) in this model so that we can probe 
the geometry for the fixed values of p. 

Let us first consider the bulk Dl-brane and assume q = for simplicity. If we consider 
the low energy limit (or equally a' — > limit) 

1 n 1 



^ {a — (3)a' 
then we can expand eg. ( |3.44|) as 



n 

5« 



[a + [3)a' 



(3.45) 



-a 



-p^Epy + a' 



1 + 



4 ^ 



pI + 



This result can be interpreted as the expression Ho 
consistent with the original metric (see ( p.l|) ) 



= -1 



Qty 



G^y = 1 + 



(« + 



. (3.46) 
and is indeed 

)l (3.47) 



4 ^ ' 4 ^ ' ■ 4 ^ 

On the other hand, in the high energy region we have a non-trivial a' correction 
as can be seen from the sin factor in ( 3.44|) , which comes from the winding number of 
time direction. This leads to the intriguing fact that there always exists a non-tachyonic 
pole[^ {ImE = 0) as the solution of Ho = for any open string modes in spite of the 
presence of spacetime singularities and closed string tachyons. Note that if the low energy 
expression ( |3.46|) held for any E, the spectrum would include only open string tachyons 
if 1 + aPp"^ < 0, which just corresponds to the existence of spacetime singularity as 
discussed in section 2.4. We can also see that if we assume the large value of p, there 
can be many (non-tachyonic) poles in the low energy region, while the behavior at high 
energy approaches that in the fiat space. 

Here we should note that tachyonic poles {ImE ^ 0) can also exist in the equation Ho ~ 0. However, 
we cannot answer whether these poles are physically relevant. 
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Any way we have observed that the stringy effect seems to malce the spacetime singu- 
larity smooth at high energy from the viewpoint of open string. 

A similar result can be obtained for the open strings on DO-branes and the low energy 
limit of the spectrum is given as follows 

= -a'E\l - ^^^p2) + ■ ■ •. (3.48) 
Again the spacetime singularity cannot be seen in the high energy region. 



3.4 Boosted D-branes 



It is also interesting to consider a bulk DO-brane which is boosted in the Y direction 
since we are discussing the curved spacetime (for a review of boundary states including 
boosted branes see P3]). The boundary condition is given by 



driT + vY)\r=o\B)=0: 
d^{vT + Y)\r=o\B) = 0: v{a-(3)J^ 



r2n 

2E + (2g_ + a + I3)Jq = v —- (2g+ + p- a)Jo 



2Rw , 
— + (a + /3)Jo, 



a' 



(3.49) 



where v is the velocity of DO-brane. Then the closed string Hamiltonian changes into 



- (1 — V ) a Jt 



2H, = -{py + {l 



n 



RJ(] 





(3.50) 



where 7 is given by 



a 



^ 2R 



a + j3 + v{(3 — a) 



(3.51) 



Thus we find that in the case of a 7^ /?, we can always make the value of 7^0 rational by 
tuning the velocity, even if is irrational. This means that bulk DO-branes always 

exist for any value of • This is crucially different from the result in Melvin model 

{(3 = a), where a bulk DO-brane does not exist when f3a' / R is irrational. 

Now let us check that boosted bulk DO-branes satisfy the Cardy's condition|^. First, 
when 7^0 = and k =even, the vacuum amplitude (t3.34|) changes to 



= VI - t;^ X ^— ^ i J J "^^ ■ ■ ■ ' 



(3.52) 
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We show that boosted fractional DO-branes satisfy the Cardy's condition in appendix 
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where the factor y/1 — is due to the Lorentz contraction. But this factor is absorbed]^ 
when we use the Poisson resummation formula 



Vl — f ^ exp 



2RH 



{n-qRJof 



I2RH 



a 



— E^xp 



27tRH 
a'(l - 



(3.53) 



Then, we can find from eq.( p.53| ) that the boosted bulk DO-branes also satisfy the Cardy's 
condition. Finally, the open string Hamiltonian changes to 



Ho = -a'E^ + 



' ' + sm^ [ ^ ^ira'E + nqR- + — 



+ N. 
(3.54) 

The multiplicity of the open string channel is the same as in the previous case ( |3.43| ). Note 
that the Lorentz contraction factor \/l — v'^ does not appear in the open string 1-loop 
trace (|3^ ) because the open string energy E is of the original coordinates picture. 



If we take the T-duality ( p.l9| ), a boosted DO-brane is transformed into a Dl-brane 
with electric fiux /. The boundary condition is written as follows 



[drT + ifd^Y]\^=o\B) = 0, [drY + ifd^T]\^=o\B) = 0. 



(3.55) 



The boundary state analysis shows that the condition of moving away from the origin is 
given by 



g+ + (1 + /) 



(/?-«) 



i?G Q. 



(3.56) 



Again we can choose the fiux / such that the Dl-brane can move around. 
Finally, we obtain the open string Hamiltonian of Dl-brane 



Ho = -a'E'^^ 



P ■ 2 



(1 - P)Rm^ 7r2a' 



rVl - P{(^- P) (a + p) ,n Tim 
Tia E+Ti — ^-^^ — a ' 



2R 



N N 



+N, 
(3.57) 



where we defined R[q+ + -^^-^(Z? — a)] 



3.5 Flux Stabilizations of D-branes 

Up to now we have considered D-branes in the free field theory. Even though this 
viewpoint is the most convenient for calculations, it is better for the study of geometric 



^''We set = 1 in eq.( 3.53 ) for simplicity. For general values of iV, ii-dependence is the same as in 
iV = 1. 
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structure of these D-branes to examine in terms of the original coordinate {p,ip,t,y). 



This analysis can be done by extending the method in |T^, where D2-branes in Melvin 
background were shown to be stabilized by the magnetic flux By^ + Fy^. In our curved 
spacetime model we will see the electric flux also plays an important role. This explains 
the novel fact that we can move the D2-branes away from the origin for any value of a, /3 
by adding the electric flux, which we have already found in the boundary state analysis. 

The boundary condition in terms of the original coordinate can be obtained by the 
transformation of fields under the T-duality (see also |jl5[) 

= 1 j\ 2 1-9^ - (^+ + ^)9y + + /^)^^] ' 

1 + app"^ 

= ^ — ^ ^'^ + ~ ^^^y " + ")'^^ 

1 + app'^ L 

= -p^d^", d(p = p^difi". (3.58) 
The open string boundary condition of a DO-brane (including boosted ones) is given 

by 

di{T + vY) = 0, d2{vT + Y) = 0, d2^" = 0, (3.59) 

where the coordinates (di, (J2) represent the world sheet of the open string channel. Then 
by applying ( |3.58| ) and comparing the mixed boundary condition 

G^.diX" + i{B^, + F^,)d2X' = 0, (3.60) 

we can identify the D-brane as a D2-D0 bound state wrapped on the two dimensional 
torus in the directions of y and y?. In other words, this corresponds to D2-branes with 
the following the electric and magnetic flux 

2v 2 
F^t = 7; 77^ r = vh, F^y = — = h, (3.61) 

^ a + /3 + v{/3-a) ' a + (3 + v{(3-a) ' ^ ^ 

where we define the coordinate = (p + (g+ + ^^)y — {q- + ^y^)t. 

The important point is that the flux quantization ^^2^, /rj,2 Tr F G Z can be easily 
satisfied by choosing the value of velocity v suitably if a 7^ /3. This makes a striking 
contrast with the D-branes in Melvin background [jS = a). This fact is consistent with 
the boundary state analysis since the twisting parameter given by 7 = (^^ "+^+^(^~") ^ 
should always be rational numbers. The quantization condition is given by 

a'N 

h=—, (3.62) 
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where k and represent the number of D2-branes and DO-branes, respectively. 

We can also check that the energy of D2-brane wrapped on the torus by using DBI- 
action is independent of p and reproduces the mass of DO-branes as we show below. 

The matrix G + B + F in the {t,y,0) coordinate system is given by 



(G + B + F),, = ^ 



( -1 



4 " 



(a-/3) ^2 



p2 - vhH \ 



V 



4 - 4 ^ 2 



_ 



(3.63) 



2 A" ' """"" 2 ^ ' P 

where we defined H = 1 + afip^. By applying ( p.62|) , we can calculate the DEI action of 
the D2-D0 bound state 



S 



dt J dy J dip 

VokRe-^'' 



47r2('«')2 



TrJ-det(G + B + F) 



-Hdet{G + B + F), 



(3.64) 



where we used the relations, 



-Hdet{G + B + F) = 



^InH. Now we can calculate from eg. ( p.63| ) 



-/a + P + v{(3 — a) 



h 



(3.65) 



Then we find that the dependence of ( |3.65| ) on p vanishes only when the specific value 
( |3.61| ) of the flux is satisfied. Finally we obtain by using the relation ( |3.62| ) 



S = Vl - v^Va X NT, 



DO; 



DO 



(3.66) 



This is the action of the bulk DO-brane in the free field picture (including the Lorentz 
contraction factor). 



Similarly, the boundary condition of Dl-branes in the free field theory with the electric 
flux /, which we can obtain from eg. (|3.59| ) by taking the T-duality of a DO-brane, is given 
by 



diT - ifd2Y = 0, diY - i/^aT = 0, 82^" = 0. 



(3.67) 



In the same method as before we can determine its interpretation in the curved space- 
time ( p.l|) . The result is a Dl-brane wrapped on the spiral string 



^ + ^iP -a)y- ^{a + (3)t = const. 



(3.68) 



with the electric flux Fyt = — /. This will be understood as the geodesic surface in the 
spacetime. /,From ( p.68| ) we can explain the previous condition (|3.56|) of moving away 



from the origin if we remember the periodicity y ^ y + 2nR and ^9 ~ + 27r as in |T5 . 
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3.6 D-brane Instanton 

In our model the time direction is also curved as well as space directions and thus it 
will be interesting to examine D-brane instanton^, which have the Dirichlet boundary 
condition in the time direction 

9,r|,=o|5) = : {(3-a)Jo\B) (3.69) 

The condition (|3.69|) shows that J should be zero unless a = (5 (Melvin model). Then 
(below we assume a ^ (3) we can construct a DO-brane (and Dl-brane) only at the origin 
and they cannot move. A D2-brane (and D3-brane) can also exist. These results would 
be useful when we consider the non-perturbative effect by D-instantons; they show that 
we can neglect the instanton effect of DO and Dl-branes if we concentrate on physics at 
the large value of p. 



4 Penrose Limit in NSNS Background 



In this section we would like to discuss the Penrose Limit ||18[ of superstring back- 
grounds with NSNS flux and to apply our previous results on D-branes to these limits. 
The Penrose limit gives us the notion of a Lorentzian version of tangent plane. Thus this 
is a useful tool of approximating a curved spacetime. This limit has recently been applied 
to the background AdSp x S'^ with RR-fiux and found to be the maximally supersymmet- 
ric pp-wave background 133, Il9i. This background is exactly solvable in the light-cone 



Green-Schwarz string theory ^ (see also 0) and the duality between gauge and 



gravity theory has been checked even for stringy excitations (for general discussions 



on the holographic relation see also [0). Here we mainly concentrate on the background 
with NSNS flux. 

The most simplest example is the Penrose limit of NS5-branes. This was analyzed in 
pT| and it was found that the limit is equivalent to the product of Nappi-Witten model 
(NW model) defined by the action and the six dimensional flat space R . 

The half of the maximal supersymmetries are preserved in this model, which is the same 
number as in the original NS5-branes. 

It is interesting to apply this limit to the near horizon limit of F1-N5 system, that 
is, AdS^ X [O, R31. The result is given by the six dimensional generalization of NW 



model. Since we have the half of the maximal supersymmetries in all of these kinds of 
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Recently, D-brane instantons were reinterpreted from the viewpoint of tachyon condensation |44 
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NW model, this again reproduces the original number of supersymmetries (sixteen) in 
AdS^i X S^. 



4.1 Supersymmetry Enhancement in the Penrose Limit of 
Spacetime Coset Model 

One of the interesting phenomena observed in the discussion on the Penrose limit 
of RR-flux background is the enhancement of supersymmetryf^ p| , [2^ . This phe- 
nomenon was found in the example of AdS^ x T^'^, which preserves 1/4 of the maximal 
supersymmetries. The manifold T^'^ is defined to be a coset SU{2) x S'f/(2)/f/(l). If we 
take the Penrose limit in this model, it is enhanced maximally pO|, ^ In the appendix 
we show that such an enhancement also occurs in another supersymmetric coset system 
W4,2 X considered in where 11^4,2 is a Lorentzian coset of SL{2, R) x SL{2, R)/f/(l). 



On the other hand, if we consider orbifolds of the pp-waves, then the supersymmetry is 
genericallyQ reduced and can be interpreted in terms of the dual quiver gauge theory 
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Now we are interested in possibilities of supersymmetry enhancement in the back- 
ground with only NSNS flux. As a particular example we would like to examine the 
Penrose limit of the model constructed in p9[. The spacetime in this model is described 
by the coset SOFT 

gL(2,R)fc,+2X^L(2,R)fc,+2 SU{2)k,^2 x SU{2)k,^2 , . 

f/(l) ^ f/(l) ' ^ ' ' 

where k\ and are the level of the WZW model and we can see the total central charge 
of the model agrees with the correct value. We denote the first (non-compact) manifold 
by W and the second by T . It is known that this model is non-supersymmetric P^j . 
The explicit metric is given by (k = k^ and = k2/ki) 

ds^ = klide^y + smHi{d(j)iY] + kQ^[{de2f + smH2{d(p2f] 
+k{d-ip + cos Oidcpi + Q cos 62d(j)2f' 

+k[{dnf + sm\i\i{d^if] + kQ\dr2f + sinhV2(rf02)'] 

—k(dt + cosh rid(j) + Q cosh r2(i02)^- (4-2) 



^^For the discussions of supersymmetry of pp-waves in a more general context and its connection with 
the worldseet supersymmetry of the massive string action see also ||2^ . 

^'^ Recently, the example of supersymmetry enhancement in orbifolded pp-waves was also interpreted 
holographically p3. 
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Then the metric of T (the former part) shows the coset space is T^'*^ type even though it 
is not Einstein metric. It satisfies the equation of motion with the non-trivial B-field 

B = k cos 9id(j)i A difj + kQ cos 6i cos 62d(j)i A d(j)2 — kQ cos 62d(j)2 A dip. (4.3) 

In order to discuss its Penrose limit, we would like to take the large volume limit k —>■ oo. 
Let us take the following limit 



a;+ = i (t + 01 + g02 + ^ + 01 + Q02) , = I (t + 01 + g02 - (^Z' + 01 + 
^i=6/v^, 02 = ^2/VkQ, n = pilVk, r2=p2/VkQ. (4.4) 



Finally we obtain the pp-wave metric 



j-2 2 

ds"^ = -Mx^dx' - {^ld(j)i + ^d(f)2 + pld(j) + ^d4>2)dx^ 

+ E(rfC' + mi) + jlidpl + pld~^}). (4.5) 

i=l i=l 

and the -B-field 

>.2 /•2 2 2 

B = -{— d(j)i + ^d(p2) /\dx+ - {—d(f)i + ^d(f)2) A dx^ + (trivial part). {A.6) 

On the other hand, the ten dimensional NW model|^ is defined by the action 

S = ^ f {daf[dudv + ^(A p1 dudct>, + dp.dp, + pldcj>Mi)]- (4-7) 

Then our results ( [4.5| ) and ( [4.6| ) show that the Penrose limit of ( [4.1| ) is equivalent to the 
generalized NW model (|47| ) with the specific parameters Pi = = —1, ^2 = Pi = —^IQ- 
The spectrum can be computed as follows 

E-'~f = -^{NL + Nr) +pI- 2{py + E){J2P^J^R). (4.8) 

i=l 

In this limit we can conclude the half of maximal super symmetries are enhanced 
in spite of starting with the non-supersymmetric model. This implies that there are 
super symmetric sectors in the whole non-supersymmetric holographic dual theory. 



For higher dimensional NW models see 
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4.2 D-branes in Nappi-Witten Background 

Next let us apply our previous results of D-branes to the Penrose limitQof the model 
( |2.2|) , namely NW model. Since the supersymmetry of the bulk sector is restored in this 
limit, here we are interested in the supersymmetry of D-branes (for the analysis of D- 
branes in NW model from the viewpoint of current algebra see The NW model, 

as we have seen in section p73t can be obtained by setting R ^ oo and q± = 0,a = 0. 
Because in this limit there are no winding modes in the boundary condition (|3.27| ), we 
must always set J = for a DO-brane. Thus a DO-brane can only exist at the origin^. 
An important result is that the supersymmetry seems to be broken on this brane as Bose- 
Fermi degeneracy can not be seen in the vacuum amplitude ( A.2 ). The corresponding 
open string Hamiltonian is given by 

ry' 

Ho = -a'E^ + jf3^J^ + N. (4.9) 

Note that we can see that there are no tachyons on D-branes. On the other hand, the 
Dl-brane in this limit has the similar property to a Dl-brane in flat space. For example, 
it is easy to see that its vacuum amplitude is the same as in the fiat space and thus does 
vanish. It can also move away from the origin. 



5 Conclusions and Discussions 

In this paper we investigated the superstring version of the exactly solvable model [|I| , 
which describes a curved spacetime with four parameters. In particular, we constructed 
the boundary states of D-branes in this model and calculated their open string spec- 
tra. Generally, in this model supersymmetries are completely broken and closed string 
tachyons appear. For a particular region of the parameters we have spacetime singulari- 
ties. However, we show that the open string spectrum does not become singular at high 
energy for any value of parameters due to a' corrections. This seems to suggest that the 
phenomenon is due to a stringy resolution of spacetime singularity and we may allow such 
a singularity. In other words, the free field representation of the background may give a 
kind of analytic continuation of the singular spacetime. One of the well-studied example 
of space singularities smoothed in string theory is the orbifold singularity (see e.g. ||49[|). 
22 Pq]. recent discussions on D-branes in pp-wave (RR) background see Q . 

^•^ Even if we consider the boosted DO- branes as before in order to move around, we must set v = —1 
and thus they become singular. 
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Our example may be another type of resolution of spacetime singularities. We would like 
to leave the detailed interpretation of this as a future problem. 

Though our analysis of D-branes can be seen as a generalization of the previous analysis 
on D-branes in Melvin background |T3|, [T^, we found a crucial difference. We show 
that we can always construct bulk (or movable) DO-branes in the analysis of the free field 
representation except the parameter region where it is equivalent to the Melvin model . 
This result is consistent with the geometrical interpretation of a bulk DO-brane as a D2- 
DO bound state wrapped on a torus with an electric and magnetic flux. This phenomenon 
implies that the geometry is smooth as the brane can probe the whole spacetime. 

Furthermore, our model includes the Nappi-Witten model as the Penrose limit. We 
examined D-branes in this model by using the general results. The Nappi-Witten like 
models can appear in many examples of Penrose limits of backgrounds with NSNS B 
flux. Especially, we showed the non-supersymmetric spacetime coset model becomes the 
higher dimensional Nappi-Witten model and thus supersymmetric. Such an enhancement 
of supersymmetry can also be seen in the Penrose limit of 1/4 BPS spacetime coset model 
with RR-fiux and this may be a clue to investigating its holographic dual gauge theory. 

Acknowledgments 

We would like to thank T. Eguchi for valuable advice and encouragements. We are 
grateful to Y. Hikida, K. Sakai, Y. Sugawara, T. Uesugi and S. Yamaguchi for stimulating 
discussions. The research of T.T was supported in part by JSPS Research Fellowships for 
Young Scientists. 



A Fractional Branes 

Here we show that the (boosted) fractional DO-branes satisfy the Cardy's condition. 



For detailed convention of boundary states see ||T5| 



Fractional DO-brane 

First, let us consider a fractional DO-brane. Its boundary state is 

oo 

\B)= E f»)®\Bn))NSNS,RR, (A.l) 
?i=— oo 

where the total boundary state \B) consists of the summation of boundary state \n)) (g) 
\B, 7)) NSNS,RR with fixed momentum n in the direction. Its vacuum amplitude is given 
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by 



/ 2 

sa n 



ia'Vo 



l)70,(O|r)4_02(O|r)^ 



E(-l)^'^l/7l'/ d.(2Ws)"3exp 



where r 



x[d,{0\T)%{u\r) - e. 
z/ = 7r. 



/ 2 

sa n 
2i?2 



r/(r)-90i(z/| 



r 



(A.2) 



On the other hand, the open string 1-loop amphtude is 



f°° dt ^ 
Jo It 



(A.3) 



where we have defined 1ins~r = TrAr^ — Ttr, the operator Ho denotes the open string 
Hamiltonian 

, ( Rw a + (3 
17 



Ho = -a'E^ + a'(— -^j) + N. 



(A.4) 



By requiring the equahty between eq.( |A.2| ) and ( [A.3| ), we obtain 



7 G Z : /, 



2 

where we have defined Tq = ^{^iwla'')^ . 



v^^ 2 



sm 717 1 



(A.5) 



Bulk DO-brane at p = 



If the parameter ''"ntf o' is rational 



2^ >^ -..J x^>..v^..c*,x ^_ -^), there is a bulk DO-brane. At first, by using 



f/(l) phase in the coefficient we can write a fractional brane at y = ?/o as 
1 



|5,yo) 



27r/2 



If we set iV fractional DO-branes on the condition 



\B)buik = E 1-^' yo-) 

a=0 



ya = yo + 



2'kR 



AT" ' 



< yo < (A.7) 



only the sectors of n = Nilj = ki & Z) survive, then \B)huik describes a bulk DO-brane 
at p = 0. If we set yo = for simplicity, the exphcit form of \B)buik is 



\B) 



bulk 



_I_ ^ ^e^f ^^[|0, (-1)'='|0, |0, +)r+ {-ir% -)r] . (A. 
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The amplitude between two \B)f,uik is 



bulk 



a'Vo 
8ttR 



E 



J ds {2Tca's) ^ exp ^ 



sa'iNif 



e=-oo 

xr^irr^yMr)' - (-l)''^4(0|r)^ - 9,{0\t)% 
Therefore by performing the modular transformation of eq.( |A.9| ), we obtain 



where if„ is 



Zo = 2N X 



°° dt 
2t 



Tr 



rl + 



NS~R 



R 



a'E' + ——{w-kjy + N. 



a 



(A.9) 

(A.IO) 
(A.ll) 



Boosted Fractional DO-brane 

Then we consider the boosted fractional DO-branes. First, we must add the Lorentz 



contraction factor — v'^ to the vacuum amplitude A. This factor is absorbed when we 
perform the Poisson resummation formula with respect to n 



2RH 



l2RH ^ 



a' 



2tiRH 



Then we find that the boosted fractional DO-branes satisfy the Cardy's condition and the 
open string Hamiltonian is 

i?2 



{w - -f^ojy + N. 



(A.12) 



Boosted Bulk DO-brane at p = 



Finally, when 7^9 = ]v' boosted bulk DO-brane at p = consists of boosted 
fractional DO-branes whose positions are Y = i/q, yo + ^jf", ■ ■ ■• Its open string Hamiltonian 
is given by 



R^ 



{w - kJf + N. 



The multiplicity of the open string channel is the same as before. 



(A.13) 



B Bulk DO-brane in Terms of Bessel Functions 

Here we show the detailed calculations of boundary state with p 7^ by using the 
Bessel functions. Even though the analysis in section 3.2 can be done without the Bessel 
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function representation, the geometrical interpretation will be more transparent by using 
them. In particular, this would be helpful if one computes the couplings of D-branes with 
closed string. 

The only non-trivial part is the bosonic zero modes (xi,X2) (or {ki,k2)) of two di- 
mensional free fields (Xi,X2), which represent two dimensional plane. It is equivalent to 
quantum mechanics of a free particle and below we will use the polar coordinates (p, ip). 
The Hamiltonian is 

a' / ^2 ^ a'r 1 92 1 , d ^l ^ , 



2^ 

2 ^(9xi ' 8x2'' 2 '-p2^(^2 ' pdpK^Qp 
Its eigen functions and eigen values are0 

i;{p,^) = JUkp)e'^^ , 2H^{p,^) = ^ei;{p,^), (B.2) 

where k is the magnitude of the momentum which takes non-negative value and m is the 
angular momentum which takes integer (= J) values. Jm{z) is Bessel function defined as 

J^(z)^Q"^f;i^inf/^ , ^ for m>0. (B.3) 

^2^ n\[m + n)\ 

The generating function of Bessel functions is given by 



e 



m=—oo 



Then we can expand a plane wave in terms of Bessel functions 

00 

gik.(x-xo) _ ^ J^(A;p)J„(A;po)(-l)"e'"^^e*"^«e'(™+")^ (B.5) 



m,n=—QO 

where 



X = (p cosy?, p sin y?), xq = (pocosv9o,posin(y9o), k = (fccos6', A;sin6'). (B.6) 
By using eq.( |B.5|) , we obtain the expansion of a delta function 

5'(x-xo) = — E / dkkJ^{kp)Jm{kp,)e'^'^'P-^^\ (B.7) 

Finally, let us consider the superposition of N delta functions at 

27r 

xoa = (Pc'/'o + ^a) , a = 0,---,iV-l. (B.8) 



^"^Here we impose the the smooth boundary condition at the origin "0(0, f) =finite as usual and thus 
we do not consider the independent solutions of Nm{kp) (Neumann function). 
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Then, the wave function of a bulk DO-brane at po 7^ is written as follows 



a=0 



-iNj{<fi-ipo) 



(B.9) 



Notice that only m = (modA^) states survive in eq.( |B.9D . This is consistent with the 
boundary condition ( p.32| ). Also if we set po = 0, only m = states survive because 
Jm{0) = for m 7^ 0. This is also consistent with the fact that Jq = when a DO-brane 
is at the origin. 



Vacuum Amplitude 

Next we calculate the vacuum amplitude of the bulk DO-brane at po 



2^ ^0 j=-oo 



(B.IO) 



where 2 AH = — ^" a' Jq. This is equivalent to the calculation in the section |3.2| with 
g = 0. By using the formula 



Jl{z) = ^ r d^e^*"^ Jo(22sini 



we can rewrite ( p.lO|) as 



A 



X 



(27r)- JO 



dkke-'^'''' 



d9 Jo{2kposm9) ^ exp 



j=-oo 



si 



(B.ll) 



9N 



■j +2-ni j 

(B.12) 

Next, after performing the Poisson resummation with respect to j, we integrate out k by 
using the formula 



Jo 



Then eq. (|B.12| ) changes to 
1 iV2c/i 



A 



X 



7Z E 



m=— oo 



exp 



2pg sin^ e 
a's 



27tN {a - (3)a'Ti „ 
Since we can rewrite the integral of 9 by employing 



-62 /4a^ 

2a? 



exp 



(B.13) 



-('—'^)\ (B.14) 



(a-/3)VW A^^ 



Y: / d9f{sinH)g{---)=2j: d9 f[sin\9 + ^^rrM-), (B.15) 
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we obtain 



A 



X 



N-l 

E 



dO exp 



2tiN (a - /3)a'2s7r 
Finally, we can rewrite eg. ( p. 161) by setting E 

tV2^t 1 ^1 ' 



a's 



87Tt /0x2 
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{a—l3)a'ir 



A 



X 



2'Ka's N 



E 



-2-KtHo 



TT / 7-12 I Po • 2 

Ho= -a E + -—— sm 



:b.i6) 



(B.17) 



These results are consistent with eq. (|3.42|) . 

At last, if we take the limit po — ^ in eq.( |B.17|) , Ax approaches to which is the 
value at po = 0. This means that the limit p — > is smooth. 



C Penrose Limit of Spacetime Coset with RR-flux 

Here we examine the Penrose limit of the spacetime coset model ^4,2 x S^, where 
W4^2 is defined to be 5'L(2,R) x SL{2,Ii)/U{l). This background was investigated in 
the context of AdS/CFT correspondence in There are eight supersymmetries in this 
spacetime and the explicit metric is given by 

(ds)'^ = ((it + cosh 1/1 (iy?! + cosh ?/2'^V^2)^ H (c/?/? + sinh^ + sinh^ 7/2^^92 

9 fi ^ 

2/ J„/.2 „„„2 /) , jq2 , „• 2/)jn2 



+R\d^' cos' e + de' + sin' ednl). (c.i) 

We take the Penrose limit 

^ =21 3 + ' =t[ 3 P=R^ 

y'^ = ^^ ^' = ^-^\ (C.2) 

and finally we obtain the maximally supersymmetric pp-wave background 

ds' = -Adx^dx' - (p^ + yl + y^dx'^' + yld^pl + yld^l, (C.3) 

with the corresponding RR-flux. In this way we have observed that the 1/4 supersym- 
metric background PV4_2 x will have enhanced supersymmetry in the Penrose limit. 
Interestingly, the final result turns out to be equivalent to the Penrose limit of 1/4 super- 
symmetric background AdS^ x T^'^ discussed in pO|, We hope this result will be 



helpful for the analysis of holography in such a spacetime coset space. 
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